Abstract: We explore four-dimensional Einstein-Weyl gravity and supergravity on antide Sitter spacetime. For a specific range of the coupling with appropriate boundary conditions, we show the effective equivalence of the theory with Einstein gravity and AdS supergravity at the quadratic Lagrangian level. Furthermore we show that these equivalences can be promoted to the full nonlinear level. We also show that the similar behavior holds for the generalized Gibbons-Hawking terms. From this we find that the correlation functions in the dual conformal field theory of Einstein-Weyl gravity and supergravity can be readily read off from corresponding ones from Einstein gravity and AdS supergravity. We also give comments on some issues in critical gravity and supergravity as well as conformal gravity and supergravity.
the bulk gravity by relaxing the boundary condition and was conjectured that it is dual to the logarithmic CFT.
Another interesting three-dimensional gravity is new massive gravity realized in [7] . Its action contains a specific combination of R 2 and R µν R µν . In this theory massive gravitons exist with both helicities, as the parity is conserved. Since it also admits AdS spacetime as a vacuum solution, new massive gravity on the AdS spacetime can be regarded as the dual of a certain two-dimensional CFT. When the couplings of higher derivative terms take a special value, the dual CFT has vanishing central charges in both sectors.
More recently, inspired by developments in three-dimensional new massive gravity, a four-dimensional higher derivative gravity was proposed in [8] , which is called critical gravity. See also [9] ∼ [31] . It is a higher derivative gravity whose action includes EinsteinHilbert, cosmological constant and Weyl-squared terms with a specific value of coupling. Generically, a four-dimensional theory with higher derivative terms contains massless and massive gravitons, one of which turns out be ghost-like. However critical gravity, due to the specific value of the coupling, contains massless and logarithmic modes. The massless mode turn out to have zero excitation energy. It admits AdS Schwarzschild black hole solution whose mass and entropy vanish. These suggest that the inclusion of the logarithmic mode is needed to have nontrivial contents, but then the theory seems to be non-unitary and dual to the logarithmic CFT.
On the other hand it was argued in [18] that conformal gravity on AdS spacetime may describe the same physics as pure Einstein gravity at low energy. Conformal gravity contains massless as well as massive gravitons. If this ghost-like massive mode falls off more slowly than massless mode, it may be truncated by the boundary condition, while leaving the massless graviton only. Based on the study of the AdS Schwarzschild black hole it was claimed that the equivalence between conformal gravity and Einstein gravity holds even at the nonlinear level.
Subsequently in [22] they considered the higher derivative gravity on AdS spacetime with some specific range of the Weyl-squared coupling. This, so-called, Noncritical Einstein-Weyl(NEW) gravity includes the ghost-like massive mode which falls off more slowly than the massless mode and thus can be consistently truncated. This was extended in [25] to N = 1 NEW supergravity.
Though these studies are mostly based on the linearized equations of motion, they suggest that NEW gravity after consistent truncation may be well-defined at low energy. Furthermore they seem to indicate that NEW gravity may describe essentially the same physics as Einstein gravity. In this paper we show the classical equivalence between NEW gravity and Einstein gravity on AdS background at the full nonlinear level. This is achieved by showing that the effective Lagrangian of NEW gravity becomes identical with Einstein gravity with the rescaling of Newton's constant. From this we find that n-point correlation functions of energy-momentum tensors in the dual CFT can be read off from the results in Einstein gravity. We also show the equivalence between N = 1 NEW supergravity and N = 1 AdS supergravity, from which one can read off n-point correlation functions including energy-momentum tensors and two supercurrents. This paper is organized as follows. In section 2, we review critical gravity and NEW gravity. We also present the auxiliary field formalism which makes the linearized level equivalence more transparent. In section 3, we find the full effective action of NEW gravity at the tree level, which has the exactly same form as Einstein gravity with the rescaled Newton's constant. We show that the generalized Gibbons-Hawking boundary terms also has the same behavior as the bulk action. From these we explain how to obtain n-point correlation functions of energy-momentum tensors in the dual boundary CFT. In section 4, we extend our analysis to N = 1 NEW supergravity. In section 5, we give some comments on critical gravity and conformal gravity. In section 6, we draw our conclusions.
Critical Gravity and NEW Gravity
In this section we review critical gravity and NEW gravity. Our starting point is the higher curvature gravity which contains Einstein-Hilbert term with negative cosmological constant and Weyl-squared term. The linearized field equation of metric becomes fourth order differential equation. The natural vacuum solution is given by AdS spacetime. If we expand the metric field on this AdS background, we obtain two different modes, one is the massless graviton and the other, generically, ghost-like massive graviton or tachyon.
For the special value of the coupling of Weyl-squared term, the theory is called critical gravity. In this theory, the linearized fluctuation modes consist of massless and logarithmic ones. The nonunitary logarithmic mode falls off more slowly than massless mode. This suggests that we may consistently truncate the logarithmic mode by choosing an appropriate boundary condition. Then, apparently, the theory has massless graviton only, just like pure Einstein gravity. The problem is that the excitation energy of this graviton is zero, which seems to indicate that the content of the theory is null. It also admits the AdS Schwarzschild black hole solution whose mass and entropy turn out to be zero. These seem to be partially explained by the observation [18] that conformal gravity on AdS spacetime, with critical value of the coupling, describes the same physics as Einstein gravity at low energy.
In NEW gravity, the situation is changed. Once again we may take a consistent truncation of the ghost-like massive graviton by choosing suitable boundary condition. In this theory, the massless graviton mode have the positive excitation energy and it becomes the theory of massless spin two field at low energy. Since the only nonlinear realization of massless spin two field is given by Einstein gravity, it seems to suggest that NEW gravity with consistent truncation of ghost-like massive mode is equivalent to Einstein gravity at low energy.
We begin with the action which contains Weyl-squared terms as
where the Euler density, E = R µνρσ R µνρσ − 4R µν R µν + R 2 , is the total derivative in four dimensions. We choose ℓ 2 > 0 where the theory admits AdS spacetime as a solution. On the other hand we allow m 2 to have an arbitrary real value and also the overall sign σ = ±1 of the total action yet to be determined. In the usual Einstein gravity, σ should be positive, but with higher derivative terms, it may be allowed to take the negative value of σ. Later on we will see that the choice, σm 2 < 0, would be appropriate for our purpose.
The Euler-Lagrange equations of motion for the metric g µν are given by
where
3)
This theory admits AdS spacetime as the vacuum solution of the field equations,
One may consider the fluctuation of the metric on this AdS spacetime as
We can choose the transverse traceless gauge, which is consistent with the equations of motion, as∇ 6) where∇ µ denotes the covariant derivative with respect to the background metricḡ µν and the spacetime indices are raised/lowered by the background metric. In this gauge, the linearized equation of motion becomes
Mode solutions of this fourth order differential equation consist of a massless graviton h µν which satisfy 8) and a massive graviton φ µν , with mass M ,
In the limit m 2 = 1 ℓ 2 , the two quadratic differential operators degenerate. In this case, which is called critical gravity, the second mode solution is not massive but logarithmic which satisfies the full quartic differential equation,
Since this logarithmic mode falls off more slowly than massless mode as it approaches the boundary, we may be able to truncate logarithmic mode by boundary condition, while leaving massless mode only. However in [8] it was noted that the excitations of this massless mode have zero energy. This seems to indicate that the theory becomes trivial. (See also [32] for the D = 3 case.)
More interesting case is the noncritical one with − 1 8ℓ 2 ≤ m 2 < 1 ℓ 2 where the lower bound, m 2 = − 1 8ℓ 2 , comes from the tachyon-free condition, known as the BF bound [33] . In this case, which we call NEW gravity, the theory is still tachyon-free, while containing ghost-like massive graviton. Furthermore since M 2 < 0 in the above coupling range, this massive mode falls off more slowly than massless mode as approaching the boundary and therefore we can truncate consistently the massive mode by taking appropriate boundary condition [18] [22] . The remaining massless graviton has non-zero excitation energy and thus describes gravity.
In order to deal with the higher derivative terms, it is convenient to introduce the auxiliary field. We introduce an auxiliary field f µν with which the action can be written as the quadratic form,
The Euler-Lagrange equations for the auxiliary field f µν and the metric g µν are, respectively, given by
By plugging the expression of f µν in (2.13) back in the above action, we recover the original action (2.2). The vacuum solution of the equations of motion is given by AdS spacetime (2.4) withf
(2.13)
NEW Gravity and Its AdS/CFT Correspondence
In this section we explicitly construct the full nonlinear effective action of NEW gravity at the tree level. First of all, we show that massless and massive modes are decoupled at the quadratic Lagrangian. Thus the ghost-like massive mode can be consistently truncated by an appropriate boundary condition. We show that the full nonlinear action, after the consistent truncation, becomes effectively the Einstein-Hilbert action with the cosmological constant. We also show that the generalized Gibbons-Hawking terms become effectively the one in Einstein gravity as well. This leads us to obtain the large N limit of n-point correlation functions of the energy-momentum tensors in the dual CFT via AdS/CFT correspondence.
Effective quadratic Lagrangian
We expand the metric g µν and the auxiliary field f µν around the background AdS metric g µν . A judicious choice of the expansion is given by
which, as will be shown later on, leads to the natural decoupling of massless and massive modes. The Ricci tensor can be expanded as
where the first order term R (1) µν is given by
The second order term R (2) µν , when contracted with the background metric, is given bȳ
Accordingly the action (2.11) can be expanded and its quadratic part can be written as
where the quadratic Lagrangian L 2 is given by, modulo total derivatives,
Here G µν denotes the linearized Einstein operator including the cosmological term,
and a new parameter q = σ 1 − 1 m 2 ℓ 2 is introduced. The linearized equations of motion are given by
which correspond to (2.8) and (2.9), respectively. From the above quadratic Lagrangian, it is clear that h µν and φ µν correspond to the massless and massive gravitons, respectively. In these parametrization, the massless and massive modes are completely decoupled at the quadratic Lagrangian and therefore bulk-to-boundary propagators in the context of AdS/CFT correspondence do not mix those two kinds of modes. * Furthermore the signatures of their kinetic terms are opposite, signaling one of them is ghost-like mode. If we take q positive, the massless graviton becomes the physical one, while the massive mode becomes ghost-like with wrong sign of kinetic term.
The theory is tachyon-free if m 2 ≥ − 1 8ℓ 2 , though it still contains ghost-like massive mode. But if m 2 < 1 ℓ 2 , i.e. M 2 < 0, the ghost-like massive mode falls off more slowly than the massless graviton and therefore can be consistently truncated by the boundary condition. Henceforth we consider the parameter range − • Case (II) : 0 ≤ m 2 < 1 ℓ 2 and σ = −1.
One may note that σm 2 , which is proportional to the coupling of the Weyl-squared term, should be always negative. Critical gravity corresponds to the case q = 0 or m 2 ℓ 2 = 1, which we need to deal with separately. Conformal gravity corresponds to the limit m → 0 ± .
In the context of AdS/CFT correspondence, this truncation of the massive mode by the boundary condition corresponds to turning off the source for the operator dual to the ghost-like massive mode. Our quadratic Lagrangian tells us that once the massive mode is removed at the boundary, that would persist deep in the bulk.
Effective boundary action
In this section we describe the effective boundary action and find the similar behavior. As stressed in the previous section, since the ghost-like massive mode can be consistently truncated, we restrict ourselves to the case when φ µν = 0 from now on. * This is in contrast with the critical case, where there should be a mixing between the massless mode and logarithmic mode. See section 5.
† In [22] [25], only case (I) is considered .
We have two different sources for the boundary action S bndry , one coming from the on-shell bulk action and the other from the generalized Gibbons-Hawking terms,
(3.10)
The on-shell bulk action is given by
where 12) with θ µ in (3.5).
The generalized Gibbons-Hawking terms are determined by the requirement of the well-defined variational principle and can be shown to be [34] 
where γ ij denotes the metric at the boundary andf ij andf =f ij γ ij are defined in [34] .
Note that
where n µ is the unit normal vector at the boundary. These boundary actions can be used to find the correlation functions of the boundary energy-momentum tensor.
To be concrete we choose background Euclidean AdS spacetime in Poincaré coordinates,
In these coordinates, it turns out thatf ij = f ij . An appropriate gauge condition at the boundary is chosen as 16) which holds in the bulk as well [35] . The expansion of the boundary metric is given by 17) where δ ij denotes the metric of the flat CFT background and h B ij does the metric fluctuation. Sincef ij = f ij in Poincaré coordinates, the boundary fieldsf ij andf are expanded in the same way as the bulk auxiliary field f µν given in (3.2),
The on-shell Euclidean boundary action, I E = −S bndry , becomes 19) whereĥ = δ ij h B ij . One may note that the action is exactly the same as the one from Einstein gravity on AdS spacetime with the rescaling of κ 2 by q.
CFT correlation functions and nonlinear completion in NEW gravity
In this section we find the bulk-to-boundary propagator and find the two-point correlation function of the energy-momentum tensor. Then we show that the equivalence between NEW gravity and Einstein gravity at the quadratic level, in the previous section, can be promoted to full nonlinear level. We also show that the quadratic level equivalence in the boundary action can be promoted to full nonlinear level as well. This equivalence implies the equivalence of n-point correlation functions in the dual CFTs.
The bulk field h ij (x 0 , x) is related to the boundary source h B ij of the energy-momentum tensor by the bulk-to-boundary propagator as [35] 
20) where
(3.21)
After the appropriate boundary local counter terms, for the cancellation of the divergence, are included, the remaining quadratic action becomes
Therefore the two point correlation function of the energy-momentum is given by
with the central charge of the dual CFT,
Note that in the critical limit q → 0, the central charge vanishes, signaling the null content of the dual CFT. In order to have the nontrivial contents in the critical limit it seems to be essential that we include the log mode.
Once the ghost-like massive mode is truncated, our discussion at the linearized level can be promoted to full nonlinear level. Without massive mode, we may promote the linearized relation (3.2) to the full nonlinear level as
where g µν contains only massless mode. If we plug this relation back into the original action of NEW gravity, we obtain 27) which is nothing but the Einstein-Hilbert action with the same cosmological constant! The only difference is the rescaling of the Newton's constant by q. Moreover the expansion (3.18) of the boundary fieldf ij can be promoted to the full nonlinear level aŝ
Then the generalized Gibbons-Hawking terms turn into the ordinary Gibbons-Hawking term with rescaled Newton's constant as
Via the AdS/CFT correspondence, the large N limit in the dual CFT corresponds to taking the on-shell value of the classical action in bulk gravity. This tells us that, in the large N limit, general n-point correlation functions of energy-momentum tensor in the dual CFT have the exactly same form as those from Einstein gravity on AdS spacetime with the overall rescaling by a factor of q. In this section we consider N = 1 NEW supergravity. In this supersymmetric extension of NEW gravity, we again find the similar behaviors as in NEW gravity. Generically it contains the massless and the massive supermultiplet. We obtain the quadratic level effective action in which these modes are decoupled. The dynamical fields in this theory consist of the metric, massive vector and gravitino fields. The metric has two modes, one massless and the other ghost-like massive modes. On the other hand, the gravitino field contains one massless mode and two massive modes. Those ghost-like massive graviton and gravitino can be consistently truncated by the appropriate boundary conditions leaving the physical massless multiplet and, if any, the well-behaved physical massive multiplet.
Effective quadratic Lagrangian
We begin with the N = 1 NEW supergravity action,
The bosonic Lagrangian L B is given by
The Lagrangian L 1 B is one for bosonic fields in the Einstein and the cosmological constant supermultiplet, while the Lagrangian L 2 B is one for the bosonic fields in the Weyl supermultiplet. One may note that we plugged the on-shell value of all the auxiliary fields except for f µν in the original N = 1 off-shell supergravity action. The auxiliary f µν is the same as the one in [36] when we restrict to the symmetric bosonic part only.
By including Weyl-squared term the auxiliary vector field A µ becomes dynamical and turns into massive vector field. In our choice of the parametrization, the kinetic term for the vector field A µ has always the right sign, while its mass term can have both signs. In the case (I), m 2 is negative and therefore the vector field is ghost-like. This ghost-like vector field, as it falls off more slowly than the massless fields, can be consistently truncated by the boundary condition. In the case (II), m 2 is positive and thus the vector field is physical and massive, which falls off more rapidly than the massless fields as it approaches to the boundary. In this case it can not be truncated by the boundary condition.
The fermionic Lagrangian L F is given by, up to quadratic order in the fermionic fields,
where χ 0 is defined as
The Rarita-Schwinger Lagrangian L 1 F is one for fermionic fields in the Einstein and the cosmological constant supermultiplet, while the Lagrangian L 2 F is one for the fermionic fields in the Weyl supermultiplet. We introduced auxiliary fermionic fields χ µ and ζ µ which would be considered as the superpartner of the bosonic auxiliary field f µν .
The Euler-Lagrange equations for the bosonic fields are
where T µν (g, f, A, ψ, χ) contains purely bosonic terms shown in (2.13) and the energymomentum tensor for A µ and quadratic and higher order fermionic terms while ∆ µν (g, A, ψ, χ) consists of quadratic and higher order fermionic terms only. One may note that the auxiliary field f µν introduced in our paper is different from the one in [36] by quadratic and higher order fermionic terms.
The Euler-Lagrange equations for the fermionic fields are given by
After plugging the equations of motion of the auxiliary fields f µν , χ µ and ζ µ back into the action, we recover the original action of N = 1 Einstein-Weyl supergravity given in [36] (See also [25] ).
We expand the metric g µν as (3.2) and obtain the same result (3.7) as in NEW gravity. Now we expand the gravitino field ψ µ in the similar fashion. A suitable choice which guarantees the decoupling among the massless mode ψ (0) µ and massive modes ψ
The quadratic Lagrangian for fermion fields in the AdS background along with (2.13) becomes
and
(4.11)
The Euler-Lagrange equations for the massless mode ψ
ν and the massive ones ψ
Just like in the bosonic case, these massless and massive modes are completely decoupled in the quadratic Lagrangian and therefore the bulk-to-boundary propagators do not mix among those modes. For the parameter range − 1 8ℓ 2 < m 2 < 1 ℓ 2 with the corresponding sign for σ given in section 3.1 the coefficient q + becomes negative, while q − remains positive. This tells us that the massive mode ψ (+) is ghost-like. For the ψ (−) we need to consider cases (I) and (II) separately. In the case (I), except for the special value m 2 = − 1 8ℓ 2 , it becomes ghost-like, while in the case (II) it is massive and physical. In the case when m 2 = − 1 8ℓ 2 , both coefficients, q ± , become zero as well as the masses of those two massive gravitinos degenerate indicating one of which should be the massive log mode. µ , A µ ). Once again these ghost-like massive modes fall off more slowly than the massless modes, and can be consistently truncated by boundary conditions. In AdS/CFT correspondence, this truncation corresponds to turning off the sources for the operators dual to the ghost-like massive modes. Our quadratic Lagrangian tells us that once these ghost-like massive modes are removed at the boundary, that the truncation would persist in the bulk. From the above quadratic Lagrangian along with the appropriate boundary action, we can readily read off the two-point correlation function of supercurrent at the boundary. Our results strongly suggest that it is nothing but the supercurrent, ξ j , two-point correlation function [37] [38] [39] in N = 1 AdS supergravity rescaled by the factor q:
On the other hand, N = 1 NEW supergravity with the case (II) contains the massless supermultiplet (h µν , ψ µ ). Since the physical massive modes fall off more rapidly than the massless modes as approaching the boundary, these can not be truncated. Therefore N = 1 NEW supergravity with the case (II) after the truncation includes massless modes (h µν , ψ We showed that at the quadratic order N = 1 NEW supergravity with the case (I) after the truncation is equivalent to the usual N = 1 AdS supergravity modulo the rescaled Newton's constant by the factor q. This equivalence can be promoted to the full nonlinear level in the metric and the quadratic level for gravitino by the nonlinear completion of the bosonic fields g µν and f µν as 14) and of the fermionic fields as
where g µν and ψ µ include massless mode only. If we use this completion into the original action of N = 1 NEW supergravity, we obtain
Because of the supersymmetry, the quartic and higher order fermion terms may be guaranteed to be the same as N = 1 AdS supergravity. This tells us that in the large N limit the general n-point correlation functions among energy-momentum tensor and/or supercurrent in the dual CFT should be the same as those from N = 1 AdS supergravity with the rescaling by q.
Comments on Critical Gravity and Conformal Gravity
Critical gravity and N = 1 critical supergravity correspond to the case when m 2 ℓ 2 = 1 or q = 0. In this theory the appropriate expansion of the metric g µν and f µν around AdS background is [13] 
and then the quadratic part of the effective bosonic Lagrangian becomes
The Euler-Lagrange equations at the critical point q = 0 are given by
If we choose σ = 1 then the bosonic part of critical supergravity includes massless and logarithmic gravitons and ghost-like massive vector field. It was noted that the excitations of massless modes have zero energy indicating the null content of the theory after the truncation of the log mode. This also seems to be clear from the above expansion. If we set h L µν = 0, the metric is fixed with the background value g µν =ḡ µν while the auxiliary field f µν = − any content in the bosonic part. Shortly, it will be shown that it doesn't have any fermionic content either. On the other hand if we choose σ = −1, the massive vector field becomes physical. In this case after the truncation of the log mode, the theory still has a massive vector field.
The fermionic fields can be expanded similarly as
so that the massless mode ψ 0 µ and associated log mode ψ L µ can be decoupled with the massive mode ψ − µ . The effective quadratic Lagrangian becomes
from which the Euler-Lagrange equations can be determined as
fermionic Lagrangian goes as L + → ∞ and L − → −ℓ. Therefore N = 1 conformal supergravity on AdS spacetime contains the massless multiplet consisting of one graviton, one gauge field and two gravitinos. It also contains ghost-like massive graviton and gravitino. After the truncation of ghost-like massive modes by the boundary condition, the theory seems to be described by N = 2 AdS supergravity, as one can see from the counting of the degrees of freedom and the our effective Lagrangian. In the absence of the background gauge field we may still use (3.26) to promote the equivalence to the full nonlinear level.
Conclusions
We studied four-dimensional Noncritical Einstein-Weyl(NEW) gravity and N = 1 NEW supergravity, which are Einstein-Weyl gravity and supergravity on AdS spacetime with a specific range of the coupling constant. In this theory the ghost-like massive fields can be consistently truncated by appropriate boundary conditions. By studying the effective Lagrangian, we showed that the massless modes and ghost-like massive modes are decoupled at the quadratic level and thus these truncations can be made consistently in the bulk. Then the effective quadratic Lagrangians of NEW gravity and supergravity after the truncations become identical to those of Einstein gravity and AdS supergravity. We also show that this equivalence can be promoted to the full nonlinear level. Moreover this equivalence holds on the boundary action in which the generalized Gibbons-Hawking terms effectively reduce to the ordinary Gibbons-Hawking term.
This equivalence on the bulk gravity side guarantees that correlation functions in the dual CFT of NEW gravity and N = 1 NEW supergravity can be readily read off from corresponding ones from Einstein gravity and N = 1 AdS supergravity. One may study the boundary CFT dual to NEW gravity and supergravity directly with higher curvature action, without introducing the auxiliary fields. We expect that correlation functions of the energy-momentum tensor multiplet related with the massless modes will be the same as those from Einstein gravity and AdS supergravity.
It would be interesting to study quantum aspects on NEW gravity and N = 1 NEW supergravity and how far our classical equivalence persists at the quantum level. We anticipate the equivalence holding at one-loop in N = 1 NEW supergravity. It would be also interesting to see the UV behavior of NEW gravity and N = 1 NEW supergravity.
A Conventions and Some Useful Formulae
In this appendix we present our conventions and also give some formulae. The 4 × 4 γ-matrices in flat spacetime are defined by the Clifford algebra, {γ a , γ b } = 2η ab , η ab = diag(− + + +) .
(A.1)
The γ-matrices in curved spacetime are defined by γ µ = e a µ γ a with g µν = η ab e a µ e b ν . Multiindexed γ-matrices are defined by
The Majorana spinor is defined byψ
Hermitian conjugates of γ-matrices are 
